Abstract. In this paper, we derive new adjunction inequalities for embedded surfaces with non-negative self-intersection number in four-manifolds. These formulas are proved by using relations between Seiberg-Witten invariants which are induced from embedded surfaces. To prove these relations, we develop the relevant parts of a Floer theory for four-manifolds which bound circle-bundles over Riemann surfaces.
Introduction
In this paper, we prove certain adjunction inequalities, which give relations between the Seiberg-Witten invariants of a four-manifold X and the genus of embedded surfaces in X. These results are generalizations of results from 12], 21], 24], see also 13] .
The investigations center on a construction of an appropriate Seiberg-Witten-Floer functor for manifolds which bound circle bundles Y over Riemann surfaces (with su ciently large Euler number), which relies on the calculations of 22]. Special cases of this theory were studied in 24], where the authors used similar techniques to prove the symplectic Thom conjecture. That problem requires an analysis of those Spin C structures over Y for which the Seiberg-Witten moduli space contains only reducible solutions, which simpli es the corresponding Floer homology. In this paper, we work out the theory in the other, more complicated cases. We will give more applications of these techniques in 23] .
Before stating the results, we set up some notation. Let X be a closed, connected, smooth four-manifold equipped with an orientation for which b + 2 (X) > 0 (where b + 2 (X) is the dimension of a maximal positive-de nite linear subspace H + (X; R) of the intersection pairing on H 2 (X; R)) and an orientation for H 1 (X; R) H + (X; R). Given such a four-manifold, together with a Spin C structure s, the Seiberg-Witten invariants (see 31 The rst author was partially supported by NSF grant number DMS 9304580. The second author was partially supported by NSF grant number DMS 970435 and a Sloan Fellowship. 1 where A (X) denotes the graded algebra obtained by tensoring the exterior algebra on H 1 (X) (graded so that H 1 (X) has grading one) with the polynomial algebra Z The Adjunction Inequality (3) does not hold without homological restrictions on X, as we can see by looking at the ruled surface X = S 2 . In general, one can obtain only a weaker inequality (losing the factor of 2 on the dimension d(b)), as follows. More generally, we have the following. Theorem 1.7. Let X be a smooth, closed, connected, oriented four-manifold with b + 2 (X) > 0. Let X be a surface with genus g( ) > 0. Let`be an integer so that there is a symplectic basis fA j ; B j g g j=1 for H 1 ( ) so that i (A j ) = 0 in H 1 (X; R) for i = 
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By blowing up, Theorem 1.7 is reduced to the case where the self-intersection number of is su ciently negative. The theorem is then proved by expressing the Seiberg-Witten invariants of a four-manifold with such an embedded surface in terms of relative invariants, which take values in a Seiberg-Witten-Floer homology associated to non-trivial circle bundles over . In the presence of the topological hypotheses on the inclusion of H 1 ( ) in H 1 (X), the above relation then follows from properties of this Floer homology.
The outline of this paper is as follows. In Section 2, we give examples which show that the adjunction inequalities are sharp. Our examples include four-manifolds with b + 2 (X) = 1, and also examples where both b + 2 (X) > 1 and b 1 (X) > 0. In Section 3, we show how Theorem 1.7 can be deduced from properties of a product formula, which relates the Seiberg-Witten invariants of a four-manifold containing an embedded surface with su ciently negative self-intersection number with certain relative invariants associated to X ? . For completeness, we also show how a modi ed version of Theorem 1.7 implies Theorem 1.4. In Section 4 we review the gauge theory for circle bundles over Riemann surfaces as developed in 22] . There is one Spin C structure in which the moduli space of reducibles has singularities (to which we return in a later section). In Section 5, we prove the product formula introduced in Section 3, assuming technical facts about the moduli spaces over N, the tubular neighborhood of . In Section 6, we de ne an invariant with irreducible boundary values and use properties of this relative invariant to analyze the terms appearing in the product formula, completing the proof of Theorem 1.7. In Section 7, we prove the technical facts about the moduli spaces over N which were used in earlier sections. In Section 8, we show how to extend the results of Sections 4 and 7 to deal with the remaining Spin C structure. Finally, in Section 9, which should be viewed as an appendix, we discuss representatives for the cohomology classes used throughout the paper.
Examples
We give some examples now of four-manifolds X which admit basic classes of nonzero dimension. We begin by giving examples where b + 2 (X) > 1 and b 1 (X) > 0, to show that the adjunction inequality in Theorem 1. De nition 2.1. Let X be smooth four-manifold and let S X be an embedded two-sphere with zero self-intersection number. Let X 0 denote a manifold obtained as surgery on S; i.e. Proof. The dimension statement is straightforward.
To prove the relation, we pull X apart along S 1 S 2 = @ nd(S), and study the corresponding moduli spaces (see Section 5 for more discussion on such matters).
Let X 0 denote the complement X ?S, given a cylindrical-end metric modeled on the product metric 0; 1) S 1 S 2 , where S 2 is given its standard, round metric. Note that this metric can be extended over both S 1 D 3 and D 2 S 2 to give metrics with non-negative scalar curvature. Consequently, the moduli spaces of solutions over S 1 S 2 , S 1 D 3 , and D 2 S 2 consist entirely of smooth reducibles (i.e. the moduli spaces are identi ed with S 1 , S 1 , and a point respectively).
Let M X 0 (s 0 ) denote the moduli space of nite energy solutions to the SeibergWitten equations over X 0 in the Spin C structure s 0 = sj X 0 . Thus, we can think of the boundary map as a map : M X 0 (s 0 ) ?! S 1 :
Gluing theory gives a di eomorphism for all su ciently large T > 0: M X(T) (s) = ?1 (x 0 ); where X(T) denotes the metric on X with neck-length T and x 0 2 S 1 corresponds to the unique reducible on S 1 S 2 which extends to D 2 S 2 . Consequently, SW X;s (a) = hM X 0 (s 0 ); (a) (C)i; (7) since (C) is represented by the holonomy class around C (see Proposition 9.1).
Similarly, gluing gives a di eomorphism of
and consequently SW X 0 ;s 0 (a C) = hM X 0 (s 0 ); (a C)i: (8) Together, Equations (7) and (8) prove the proposition.
Remark 2.3. Of course, the above result also holds when b + 2 (X) = 1, provided that both invariants are evaluated in the same chamber.
Now we construct our examples. Fix natural numbers n, k, and m with 2k n > 1, and let X be the four-manifold E(n)#m(S 3 S 1 ), where E(n) is a simply-connected elliptic surface with no multiple bers and with geometric genus n?1. Let 0 E(n) denote a symplectic submanifold representing the homology class S + kF, where S and F denote the homology classes of a section and a ber respectively of the elliptic bration. Let T i X denote a ber in the elliptic bration of the i th summand S 3 S 1 . Let X denote the internal connected sum of 0 #F 1 #:::#F m . Note that g( ) = k + m and = 2k ? n 0. Let s be the Spin C structure over X induced from the canonical Spin C structure on E(n), and let b = A ( ) be the product 24] , we reduce to the case where the selfintersection number of is very negative (Proposition 3.1). The invariants in this latter case are studied via a product formula, which we state (and prove in Section 5), whose terms are then related with other Seiberg-Witten invariants of X. In the end of the section, we discuss the modi cations which are needed to prove Theorem 1.4.
We reduce Theorem 1.7 to the following special case. The proof of Proposition 3.8 is given in the end of Section 6. Proposition 3.1 follows immediately from Propositions 3.5{3.8. In the proof of these latter propositions, we will construct a natural Seiberg-Witten-Floer functor for four-manifolds which bound Y .
Before proceeding, we pause to tie up one more loose end: Theorem 1.4. That result can be reduced to a relation which replaces Theorem 1.7, using the same argument given in the proof of Theorem 1.3. The relevant relation in this case is: (compare Proposition 3.1). Like Proposition 3.1, this special case also follows from the product formula in Proposition 3.5, the relation in Proposition 3.7, together with the following analogue of Proposition 3.8 (whose proof is also given in the end of is smooth of expected dimension 2e; indeed it is di eomorphic to Sym e ( ).
(2) If g ?1 < e 2g ?2, the Seiberg-Witten moduli spaces over both Y and R Y in this Spin C structure are naturally identi ed with the corresponding moduli spaces in the Spin C structure 2g?2?e, which we just described.
(3) For all other e 6 = g ?1, N Y (t) contains only reducibles. Furthermore, it is smoothly identi ed with the Jacobian torus.
In the Spin C structure corresponding to g ? 1 2 Z=nZ, the unperturbed SeibergWitten equations used in Theorem 4.1 are inconvenient, since the corresponding reducible manifold is not smooth in the sense of Morse-Bott. To overcome this di culty, when working in this Spin C structure, we use a perturbation of the equations where the theory resembles the case where 0 e < g ? 1 (and, in particular, the reducibles are smooth). A thorough discussion of the perturbation is given in Section 8.
The Product Formula
In this section, we de ne two quantities, SW irr and SW red , and prove that the Seiberg-Witten invariant decomposes into a sum of these (Propostion 3.5). Furthermore, we express SW red in terms of another Seiberg-Witten invariant of X (Proposition 3.7).
Decompose X as X = N Y X 0 ;
where Y is unit circle bundle over with Euler number ?n, with n > 2g ? 2. N is a tubular neighborhood of the surface (which is di eomorphic to the disk bundle associated to Y ), and X 0 is the complement in X of the interior of N. Then according to Theorem 4.1, and Theorem 8.1 when e = g ? 1, N Y (sj Y ) has two components, J and C, where C is di eomorphic to Sym e ( ). Furthermore, the expected dimensions of the moduli spaces over N and X 0 are given by: e-dimM N (J ) = 2e + 1 (14) e-dimM N (C) = 2e (15) e-dimM X 0 (J ) = 2d + 2g ? 2e ? 2 (16) e-dimM X 0 (C) = 2d; (17) Proof. This is a combination of Proposition 7.9 and 7.10 when hc 1 (s); ]i 6 = n, and Proposition 8.3 in the remaining case.
When studying the deformation theory of reducibles inside M N (J ), the kernel and the cokernel of the Dirac operator play a central role. These spaces can be concretely understood, thanks to the holomorphic interpretation of the Dirac operator (see also 24] Proof. This follows from Theorem 7.4 and Proposition 7.5 (see also the proof of Proof. According to Proposition 5.2, the space J is identi ed with the space of degree e line bundles over with non-trivial H 0 . The forgetful map Sym e ( ) ?! J which takes a degree e divisor, thought of as a complex line bundle with section, to the underlying complex line bundle gives the surjection to this locus.
We will also need to understand those Spin C structures s 2 Spin C (N) for which ?n < hc 1 (s); ]i n. Proposition 5.5. If ?n < hc 1 (s); ]i n; then the moduli space M N (J ) contains only reducibles. Moreover, the space of reducibles is smoothly identi ed with the Jacobian torus J (i.e. the kernel and the cokernel of the Dirac operator coupled to any reducible vanishes). are satis ed. The assertion at the beginning of the proposition follows easily.
The above proposition says that we can partition the points in the cut-down moduli space (which is an oriented, zero-dimensional manifold) for su ciently large T into two disjoint sets, the subsets of con gurations which satisfy (H-1) and (H-2) respectively. Thus, if we let SW red s (a) and SW irr s (a) be the signed number of points satisfying (H-1) and (H-2) respectively, then SW X;s (a) = SW red s (a) + SW irr s (a): (18) As we shall see, gluing theory allows us to compute both of these quantities in terms of cylindrical-end moduli spaces. So, in the next step, we study these cylindrical-end moduli spaces. We now return to the discussion of SW red and SW irr . Although the de nitions of both terms implicitly use T, we show now that if T is su ciently large, then the terms can be computed from absolute invariants (and hence are independent of the parameter). To rule out this latter case, we need only look at an example where the irreducible term is non-zero. Let X be a ruled surface X over associated to the line bundle with Euler number ?n. Let X denote the section with self-intersection number ?n, and x any 0 e g ?1. Let s denote the Spin C structure over X given by s = s 0 +ePD F], where s 0 is the canonical Spin C structure on X associated to the K ahler structure, and F denotes a ber in the ruling. It is easy to see that SW X;s?PD ] 0, as the corresponding space of divisors is empty (see Proposition 7.5). Moreover, we know that SW X;s 6 0 (compare Example 2.2). Thus, in light of Equation (18) and Proposition 5.10, we have examples where SW irr 6 0, forcing the degree to be nonzero.
We will give the seemingly ad hoc quantity #M X 0 (C) \ V (a) a more intrinsic formulation in Section 6. With the help of this formulation, we can then prove a vanishing result for this term under suitable algebro-topological hypotheses on the embedding of X (Proposition 3.8). Proof. Clearly, the di erence C ( (y))?i ( (x)) is the rst Chern class of the circle bundle Hom S 1(L x ; L y ). Here, L z denotes the moduli space based at z; see Section 9.
To prove the proposition, we must verify that this bundle admits a section in the complement of c M(C; J ) J M X 0 (J ) M X 0 (C) (i.e. over M X 0 (C) M X 0 (C)) and that, with respect to a trivialization of the circle bundle over a disk transverse to the submanifold, the restriction of the section to the boundary induces a map from the circle to the circle which has degree one.
The section is induced by parallel transport, as follows. Let be a half-in nite arc formed by joining 0; 1) y to any arc which connects x to 0 y. Over the point A; ] 2 M X 0 (C), parallel transport via A along induces a homomorphism in Hom S 1(L x ; L y ).
We now verify that the trivialization induces a degree one map around circles transverse to the submanifold. For any point in the submanifold ] (obtained by varying the gluing and translation parameters). Calculating the desired degree amounts to seeing how the holonomy along varies as the gluing parameter is rotated. But holonomy along any path which crosses the gluing region once varies as a degree one function of the gluing parameter.
We can understand the action of A (Y ) on H (C) explicitly, under the identi cation C = Sym k ( ).
Before describing this, we begin with a few preliminaries about the homology of symmetric products of (for an extensive discussion of this topic, see 17] Poincar e dual to the cycle q(Z ::: ). The above discussion works over rational coe cients (which su ces for our purposes), but in fact it works over Z as well, since H (Sym k ( )) has no torsion (see 17]). Proof. We can reduce to a corresponding statement for con gurations over , as follows. Let E be a line bundle over , so that W = (E (C K )). Then, pull-back induces a map : B( ; E) = A(E) ?(E)=Map( ; S 1 ) ?! B(Y; W); to the con gurations where the ber-wise holonomy of the connection is constant, and the section is covariantly constant around each ber. The identi cation between the critical manifolds and the symmetric powers C = Sym k ( ) described in 22] is obtained by proving that C lies in the image of this pull-back map, and indeed that it lies in the pull-back of the vortex moduli space, which, according to 11] (see also 2]), is in turn identi ed with the space of divisors, by looking at the zero-set of the section. The key points we need presently are that C lies in (B( ; E)), and that con gurations are the pull-backs of con gurations A; ] 2 B( ; E), where is @ A -holomorphic section.
Over B( ; E), there is a universal line bundle L( ), de ned in the usual manner.
Note that L(Y )j (B( )) Y = (L( )); so (y)j (B( )) for y 2 H (Y ) agrees with ( (y)]), where the former -map is induced from L(Y ), and the latter from L( ). We have thus reduced the proof of the proposition to a statement purely over ; so for the duration of the proof, L will refer to L( ), B will refer to B( ; E), and all -maps will be calculated over . Note rst that the zeros of the canonical section , restricted to q(C 1 p 2 ::: p k ) C 2 are the points C 1 \ C 2 (a zero of corresponds to a point where the section vanishes at some point of C 2 , but the zeros of lie in C 1 fp 2 ; :::; p k g, and fp 2 ; :::; p k g \ C 2 is empty). We must now consider the local contribution of each zero (and check transversality). 
We will not use this formula, however. The results we prove in this paper require only the general properties of d SW (C;J ) which follow from its de nition, together with Proposition 6.9. According to Lemma 6.7, if Y is a curve which is null-homologous in X 0 , then it annihilates the relative invariants, in the sense that SW (X 0 ;C) (a ( ) !) = 0: This vanishing can be seen geometrically: U is Poincar e dual to the subset (identied with Sym k?1 ( )) of Sym k ( ) where one point is constrained to lie in a speci ed point on : A i (resp. B i ) is Poincar e dual to the cycle where one point is constrained to lie on A i (resp. B i ). Thus, (if one chooses the point representing U to be A i \B i ), then U ? A i B i is Poincar e dual to the locus where two distinct points are constrained; one is to lie on A i , the other on B i . Similarly, the manifold Poincar e dual to A i B i ? A j B j gives a constraint on two distinct points in the symmetric power. Finally, the remaining A i b+r and B i b+c+s give additional, disjoint constraints (these are disjoint, if one chooses that representing curves to be disjoint from the A i and B i for i = 1; :::; a + b, which can be arranged since a + b < i b+r for all r 1). Thus, since the total degree of the expression considered is k + 1, we have put constraints on k + 1 distinct points, forcing the intersection to be empty. Proof. By Proposition 6.12, b lies in the ideal generated by (A 1 ); :::; (A`). Now the proposition follows from Lemma 6.7.
We now have the promised proof of Proposition 3.8.
Proof of Proposition 3.8. Recall that we have constructed SW (X 0 ;C) so that SW irr s (a i (b)) = SW (X 0 ;C) (a i (b) 1): By Lemma 6.7 and Proposition 6.9, we can write SW (X 0 ;C) (a i (b) 1) = SW (X 0 ;C) (a b) + SW (X 0 ;J ) (a c):
for some c 2 A ( ). Note that c lies in the ideal generated by H 1 ( ), as it can be expressed in terms of Seiberg-Witten invariants of the tube, which take values in H (J ) = (H 1 ( )) H 1 ( ) A ( ). By Corollary 6.13, the rst term vanishes (using the homological hypothesis of the inclusion of in X). The remaining term is identi ed with an absolute invariant, according to Proposition 5.9.
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The proof of Proposition 3.10, follows from the same argument as Proposition 3.8; only in that case, one must use the following (much simpler) analogue of Corollary 6.13. Proof. This follows immediately from the fact that dim C = 2k.
7. The moduli spaces over N The purpose of this section is to give the results about the neighborhood of which were used in Section 5. Most of these results are applications of 22] and 24]. We assume for the duration of this section that the Spin C structure over N satis es hc 1 (s); ]i 6 n (mod 2n). We return to the excluded cases in Section 8.
Over N, endowed with a cylindrical-end metric and a certain torsion connection on TN , the Seiberg-Witten equations admit a complex interpretation analogous to the complex interpretation of the equations over a K ahler manifold (see Section 5 of 24] for an explicit description of this connection, and especially Proposition 5.6 where the complex interpretation is proved). The Seiberg-Witten equations over N can be written as equations for a connection A over E, where r (k) denotes the k-fold covariant derivative. More generally, is said to decay to if there is some > 0 so that -decays to . A similar notion can be de ned for objects other than spinors, such as connections, di erential forms, etc.
De nition 7.2. Given a line bundle E over Z, a holomorphic pair (A; ) in E is a pair consisting of a @-operator @ A over E, and a section of E, so that F 0;2 A = 0, and @ A = 0. A ; b )j + = (@ A 0 ; 0 ). The above theorem is essentially a restatement of Theorems 7.7 of 22], where it is stated for the cylinder, thought of as R minus two copies of , rather than the neighborhood of , thought of as R minus one copy of (though the proof is no di erent). Analogous results for the anti-self-dual equations were obtained by Guo 9] .
In a similar vein we have the following result, which allows us to deal with solutions with reducible boundary values. We state the result slightly di erently from the above, since we will apply it in other contexts later. Proof. We prove that both moduli spaces M N (J ) and M N (C) are empty. Suppose there were some nite energy solution to the Seiberg-Witten equations in a Spin C structure with jhc 1 (s); ]ij < n. We know that the spinor lies entirely in one of the two summands in the splitting of the spinor bundle W + = E (K N ?1 E) (i.e. it is an -or a -spinor, in the notation of Equations (21)- (23)). By conjugating if necessary (which switches the two summands and sends the Spin C structure s to another one Js with c 1 (Js) = ?c 1 (s)), we can assume without loss of generality that the solution is an -solution.
According to Theorem 7.3 (and Theorem 7.4, when the boundary value is reducible), we can extend the data (E; @ A ; ) over the associated ruled surface R, obtained by attaching the curve + at in nity. The fact that b E is an extension of E says that On the other hand, Equation (21) According to Proposition 7.5, it follows that b (and hence also ) must vanish identically, contradicting the irreducibility hypothesis on (A; ).
The fact that the reducibles are smoothly cut out in this range follows in an analogous manner, using Theorem 7.4 and Proposition 7.5.
Remark 7.7. Most of this result can be found in Proposition 2.5 of 24].
The above vanishing result is special to the particular Spin C structures considered, as it used the fact that the Dolbeault cohomology of certain line bundles over the ruled surface vanish. In general, the moduli spaces over N typically do contain irreducibles. To study the deformation theory around these irreducibles, we use an in nitesimal version of Theorem 7.3; but rst, we pause for a brief discussion of deformation theory for the Seiberg-Witten equations in general.
In general, on a four-manifold X 0 with a cylindrical end, the deformation complex around a solution (A; ) whose boundary value is smooth and irreducible, is given by 0 (X 0 ; iR) ?! 1 (X 0 ; iR) ?(X 0 ; W + ) ?! + (X 0 ; iR) ?(X 0 ; W ? ):
Here, terms in 0 (X 0 ; iR) are required to lie in L 2 ;k , the -decaying Sobolev space with k derivatives (here we can choose any k 3); i.e. functions for which is an isomorphism, which allows one to \unroll" parts of the Seiberg-Witten deformation complex to identify it with the deformation theory of divisors in N. is Fredholm for all weights 0 < < 4 . In particular, it has the same index for all small 0 < as it has on the weight = 2 , where it can be connected via Fredholm operators to the manifestly self-adjoint operator e-dimM N (J ) = 2e + 1 (24) e-dimM N (C) = 2e: (25) This identi cation of deformation theories of M N (C) proves that is an orientationpreserving local di eomorphism onto its image in Sym e ( ) = C. In fact, it is injective, as follows. As we saw, any two solutions with the same boundary values actually vanish over the same disks (with the same multiplicities). By the usual analysis of the vortex equations, any two such solutions must di er by a complex gauge transformation; i.e. a function u which satis es @@u + j j 2 (e 2u ? 1) = 0; where u is a function which decays on the cylinder. By the maximum principle, such a function must vanish identically.
Having analyzed the moduli spaces over neighborhoods of , we close with a some general results concerning the rest of the moduli spaces of the complement of . Proposition 7.10. Let X 0 be as in Proposition 5.1. Then, letting e-dimM(X) = d,
we have e-dimM X 0 (J ) = d + 2g ? 2e ? 2 (26) e-dimM X 0 (C) = d: (27) Moreover, M X 0 (J ), and M X 0 (C) are transversally cut out by the Seiberg-Witten equations (in particular, they are manifolds of the expected dimension).
Proof. By a standard excision argument, we have e-dimM X 0 (J ) + e-dimM N (J ) ? 2g + 1 = e-dimM X (s) = d;
which calculates e-dimM X 0 (J ), given Proposition 7.9. Similarly, we have e-dimM X 0 (C) + e-dimM N (C) ? 2e = d; which gives us e-dimM X 0 (C).
Smoothness of M X 0 (J ) and M X 0 (C) follows from adapting methods of 20].
8. Perturbations when e = g ? 1
In our earlier discussion, we had to exclude one Spin C structure over Y . In this section, we introduce a perturbation of the equations which allows us to handle this case. We begin by adapting results of Section 4 to this perturbed equation, and then, we give a discussion which is parallel to that of Section 7. The perturbations used here are analogues of Taubes When Y is a circle-bundle over a Riemann surface with Euler number ?n satisfying n > 2g ? 2; recall that these equations are inconvenient in the Spin C structure when e = g ?1 (in the notation of Section 4). We will nd it useful to consider a perturbed functional (we have used here Equation (31)). Since 0 < u < 2, this holonomy is non-trivial, so the reducibles admit no harmonic spinors, i.e. J is smoothly cut out by the The smoothness of the space of ows, and its identi cation with the symmetric product, follows exactly as in the unperturbed case (see Section 4).
We now turn to the neighborhood of . We use a perturbation over N which is compatible with the above perturbation over Y . This follows from the fact that for a line bundle L over the the torus S 1 S 1 , the rst Chern number is the degree of the map from S 1 S 1 de ned by x 7 ! Hol x S 1L (a map which makes sense only after one puts a connection on L, but the degree is independent of this connection, so we left it out of the notation), together with the universal property of Equation (40). Thus, we have identi ed on any onedimensional homology class.
The rest of the proposition is established, once we see that for a point x 2 X, x] generates H 2 of the con guration space. But this follows easily from the fact that Map(X; S 1 ) e acts freely on the space of irreducible con gurations.
With this concrete understanding of the -classes, we turn to a discussion of submanifold representatives for them. Given a self-dual two-form which is compactly supported over B, the -molli ed section is the section of L 
